Calculus I
Challenge Homework Set 1

May 16, 2025

Provide handwritten answers on a separate sheet of paper. Typed answers will not be accepted.
For full credit correct answers should be clear, legible, include explanations for your reasoning, and
show all relevant work. You are allowed to make use of outside resources, including the internet, and
friends, but you must cite your sources. Textbook Problems:

Ch 4: 113-128, 316, 322, 338-340

i) Find the critical points of the following functions, and evaluate whether the critical points are
maxima or minima.

a) cos(2x)
b) sin(5a)
c) sin(|z|)
d) |coszl

For a), we have that:

d cos(2x)

= —2sin(2z
. sin(2z)

This is zero precisely when 2x = nm where n is some integer. In other words, our critical points
are of the form nw/2. If n is even, we have that n = 2m for some other integer m; in particular,
we have that x = mm. We choose a value of z slightly greater than mm, say mm 4 .1 then we get:

—2sin(2mm + .2)

which is negative as sin(2mn + .2) is positive sin 2mm 4 .2 lies in the following area on the unit



circle:

,\
/ 2mm

Similarly, if we chose a value of z slightly less than mn, say mm—.1 wend up with — sin(2mm — .2).
Since this angle ends up below the z-axis we have that —sin(2mn — .2) is positive, and so nw/2
is a local maximum when n is even.

If n is odd, we have that n = 2m + 1, hence x = (2m + 1)7/2 = mm + w/2. If we chose a value of
x which is slightly larger than mn + 7/2, say mn + 7/2 + .1, then we get:

—2sin(2mm + 7w+ .2)

We see that 2mm + 7 + .2 lies in the following area on the unit circle:

2m + D) \

In particular, 2mnm + 7 4 .2 gives us an angle below the = axis, and so —2sin(2mn + 7 + .2) is
positive. Similarly, we have that —2sin(2mn + 7 — .2) is negative, hence when n is odd we have
that nm/2 is a local minimum. We thus conclude that the minimums occur when n is odd, and
the maximums occur when n is even.

For b), we have that:

dsin(5x)
dz

This is zero when cos(5x) = 0, which implies that 5z = nm 4 7/2 for every integer n. Our critical
points are then of the form:

= 5cos(bx)

nr T
T = 5 + 10

If n is even, then we have that n = 2m for some integer m, hence:
o 2T T
5 10



If we choose a number slightly larger than the above, say:

2m7r+7r+1
a=—+—+.
5 10

then:
5a = 2mm + % +.5

which lies in the following area of the unit circle:

™
2 =z
m7r—i—2

Y

It follows that:
m
coS <2m7r + 5 + .5) <0
as 2mm + 5 + .5 lies to the left of the y-axis. Similarly, if we choose a number slightly less than
x say:

2mm ™
b= —+——.1
5 +10

then same argument demonstrates that cos(5b) > 0 hence nr/5+ 7/10 is a local maximum when
n is even.

Suppose that n is odd then:

Cm+1)m o«

If we choose a number greater than x say:
2m+1)r
=—+—+4+.1
! 5 10

then:

5a:@m+Uﬁ+g+5



lays in the following area of the unit circle:

~_

3T
2 el
mm + 5

It follows that cos(5a) > 0, and if we set:

@2m+1)r =« )

b=
5 +10

then:
T
5b = (2m+1)7r+§—.5

so cos(5b) < 0. It follows that if n is odd then nw/5 + 7/10 is a local minimum.

For ¢), we have that since sin x is odd:

in |z —sinxz  forx <0
sin |z| =
sinx for x >0

Taking a derivative we have that:

dx

dsin|z| |—cosz forx <0
cos T for z >0

Note that since —cos(0) = —1 # 1 = cos(0) we have that 0 is a critical point as the derivative
can’t exist there. Moreover, we know that 0 is a local minimum as at 0, we have that dsin |z|/dx
goes from negative to positive.

For > 0, we have that critical points are x = nm + 7/2 where m is a positive integer. By
Example 6.10, we know that here the critical points are local maximums when n is even, and
local minimums when n is odd.

For 2 < 0, we have that critical points are also of the form nw+7/2 where this time m is a negative
integer. Here we deduce that the critical points are the opposite as to the case of Example 6.10
as when z is less than zero, we are finding the local minima and maxima of —cosz. In other
words, since we are multiplying by negative, local minima become local maxima and vice versa.
It follows that for # < 0 the critical points are local maxima when n is odd, and local minima
when n is even.

For d), we have that:

—cosx for cosz <0
|cosz| =

CcoS & for cosz >0



But when is cos x less than zero, and when is it greater than zero? Well examining the unit circle,
we see that:

T
2

3

2

so we have that cosz > 0 when 2nm — 7/2 < z < 2nm + 7/2, and cosz < 0 when 2n7 + 7/2 <
x < 2nmw — /2. It follows that:

| | cos T for 2nm — /2 <z < 2nmw 4 7w/2
cosz| =
—cosx for2nm+7/2 <x < 2nm —7m/2

Taking a derivative, we obtain that:

dlcosz| |—sinz for2nm —7/2 <z <2nm+7/2
de  \sinz for 2nm+ /2 <z < (2n+ )7 —7/2

Note that for all n 2nm — 7/2 and 2n7 + 7/2, sinxz and —sinz differ by a minus sign so the
derivative at 2nm — 7/2 and 2nm + 7/2 does not exist for all integers n. It follows that for all
n the points 2nm — /2 and 2n7 4 7/2 are critical points. Our other critical points occur when
sinz = (0 or —sinx = 0, which are when x = mmx for an integer m.

For critical points of the form 2nm — 7/2, we are on the in the following area of the unit circle:

AL A
2nm — T
2

hence for a < 2nm — w/2, we have that sin(a) is negative, and when a > 2n7 — 7/2 we have that
—sin(a) is positive so 2nm — 7/2 is a local minimum. Similarly for 2nm + 7/2 we are at the top
of the unit circle, so for a < 2nm + 7/2 we have that —sin(a) is negative, and for a > 2nmw + 7/2
sin(a) is positive, implying that 2nm + 7/2 is also a local minimum.

When m is odd we have that x = (2] 4 1)7 which lies in the interval [2l7 +7/2, (20 + 1)m — 7/2].
In this interval we are looking at the extrema — cosx, and since m is odd we have that this is a



ii)

local maximum by the argument in part ¢). When m is even, we have that x = 2lm, which lies in
the interval [2lm — 7/2,2lm 4+ 7 /2] which means we are looking at the local extrema of cosz. By
Example 6.10 in the notes, we have that here x is a local maximum as well.

It follows that local maximums occurs when x = nw for every integer n, and local minimums
occur when z = 2nm + /2 for every integer n.

In this problem we consider optimizing the volume or surface area of certain shapes. Hint: Draw
pictures!

a) Find the largest volume of a cylinder that fits into a cone of radius r and height h.
b) Find the dimensions of a cylinder with volume 167 m? that has the least surface area.
¢) Find the dimensions of a right cone with surface area 47 m? that has the largest volume.

d) Suppose that total surface area of a cube and and sphere is 1m3. Find the dimensions of
the cube and sphere such that the total volume is maximized.

For a), we let the radius of the cylinder be R and its height H. We have that a cylinder sitting
inside the cone cuts out a cone of height h — H and radius equal to R. By exploiting similar
triangle we obtain the following relation:

N
h—H h
Solving for H we obtain that:
2 (r—R)h
r
It follows that the volume of our cylinder is:
h h
Vv="2R2.(r —R)= Z2(rR2 - R?)
r r
Taking a derivative:
AV 7h
2 "0 _ 2
o . (2rR — 3R*)

Setting this equal to zero gives the following equation:
2rR —3R* =0

which implies that either R = 0 or R = 2r/3. Clearly R = 0 can’t be a maximum, and if R < 2r/3
then V(R) > 0, while if R > 2r/3 we have that V(R) < 0, hence 2r/3 is a local maximum. This
is the only critical point which is not an endpoint on the interval [0, 7], hence 2r/3 is a global
maximum. Plugging 2r/3 into the volume function we get that the maximum volume is:

B Amr2h

v 27

For b) we have that if a cylinder has a volume of 167, then:

16

7r’h = 167 = h = 5
,



The surface area is given by:

32
S = 2nrh + 2mr? = il + 2772
r

Taking a derivative we get that:

s 32«
% = —TT+47T7"

Setting this equal to zero is the same as solving:

32
4= 4P =322 =8 = =2m
.

This is a local minimum as if 7 is less than 2 then dS/dr is less than zero, and if r is greater than
2 then dS/d is greater than zero. Since r = 2 is the only critical it follows that » = 2 must be a
global minimum. Since r = 2 implies h = 4, we have that these are dimensions which minimize
the volume when surface area is 167.

For ¢), if I = /72 4 h2, then the surface area of a cone is given by:
Wr\/m +7r? =4rx
implying that:
r\/m+r2:4:>r\/m:4—r2

Squaring both sides gives:

r2(r2 4+ h?) = (4 — r?)?

hence:
212
r2+h2:(4_;) 5 (4—27’2)2_7.2
r r

Note that:

(A4—r% 5 (4—rH)2—rt 16— 82

2 - = 2 T2

hence:

The volume function is given by:

/16
V = mr? —2—8:27“/@
T
This is maximized when 472 — 2r* is maximized, and this had derivative:
8 — 83

hence » = 0,1 are critical points. When r is less than 1 but greater than zero, we have that
8 — 13 is positive, and for r greater than 1 we have that 8 — 73 is negative. It follows that r = 1
is a local maximum, and is in fact a global maximum on the interval [0, 1], hence the cone has
the highest volume when r = 1, which also forces h = 2v/2 as well.



iii)

For d), we have that the surface area of a cube of side length s is 652, while the surface area of
the sphere is 4772, The volumes are s, and 4/37r? respectively. If:

Amr? + 6% = 1

we have that:

22 1 —6s?
4

hence:

s (-6
8T

so our volume can be written as a function of s:

1 — 6s2)3/2
V=gt (1—6s7)
6/
Taking a derivative, we get:
dv 1 3
E :382 + ﬁ . (2(1 - 682)1/2 . (128))

5 3sV1—6s
NG

Finding critical points is then the same as solving:
5 3sV1—6s?
3" = ——«—
N3

Clearly s = 0 is a critical point, but what are the others? Assuming s # 0, we can divide by s
and find that:

=3s

V1 — 6s2
ﬁ

S =
squaring both sides yields:
1
VT +6

Our interval is [0,1/1/6] as those are the allowed values of s. By comparing values, (either using
a calculator or otherwise), one easily sees that s = 0 is our maximum value. When s = 0, the
radius 1/v/47m, and these dimensions maximize volume.

5P =1-65>= (1+6)s°=1= 5=

For this problem recall that (x1,y;) and (x2,y2) are two points in the plane, then the distance
between them is given by:

d= \/(561 —22)* + (1 — 12)°

Using this, answer the following questions:

e Where is the line y = 5 — 2z closest to the origin?



iv)

e Where is the parabola y = 22 closest to the point (2,0)?
e Where is the cubic y = 2% closest to the point (2,2)?
Note that in all of these it suffices to maximize d? instead of z.

For a), we have that:
d? = (z—0)2 4 (y — 0)> = 2% + (5 — 22)?
Taking a derivative we get:

dd?
d—:2x—2‘2(5—2x):2:c—20+83::10x—20

i

The critical points of d? in this case occurs when 2 = 2. We see that this clearly a local minimum,
and it is a global minimum because x = 2 is the only critical point. By plugging 2 back into our
equation for y, we find that the point (2, 1) is the point on the line closest to the origin.

For b), we have that:
P =x-2°+@y-072=(x-2)7>*+2*
Taking a derivative we get that:

dd?

dx
This part can only be done with calculator, so my apologies for this problem. In particular,
x ~ .589 is a critical point of d?, and this then ends up being global minimum for d2.

=2z — 2) + 42> = 423 + 22 — 2

For ¢), we have that:
= (x -2+ (y—2)7%=(x—2)* + (2 — 2)*
Taking a derivative, we get that:
ar
dx
This one can also only be done with a calculator, I am again sorry, this is actually a problem

from the textbook, and I thought it would work out nicer. In the problem x ~ 1.248 is a critical
point, and it also ends up being a global minimum.

= 2(x — 2) + 62 (23 — 2) = 62° — 1222 + 22 — 2

An object with mass m is dragged along a horizontal plane by a force acting along a rope attached
to the object. If the rope makes an angle # with a plane, then the magnitude of the force is:
- Hmg
psinf + cos 6

where g is the acceleration due to gravity, and p is a dimensionless constant called the coefficient
of friction. For what value of § is F' minimized?

We need to take a derivative of I’ with respect to 6. Note that physically, 6 is constrained to the
interval [0, 7/2]. We take a derivative of F' with respect to 6:

ar . sin @ — i cosf
ag ~ M (usin @ + cos 6)?




Note that in the interval [0, /2], the denominator is never zero as both sin § and cos 6 are positive.
It follows that critical points occur when:

sinf — pcos =0 = tanf = p

It follows that tan~!(yx) is our critical point, and since tan @ is an increasing function on [0, 7/2]
we know that for § < tan~!(y) we must have that tan() < u hence and for tan=!(u) < 0 we

have that ;1 < tan @, hence dF/df goes from negative to positive at tan=1(u) and so tan~!(u) is
a global minimum on [0, 7/2].
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